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1. Introduction 

The theory of genus zero Gromov-Witten invariants associates to a com¬ 
pact symplectic manifold X a Frobenius manifold H (also known as the small 
phase space of X) whose underlying flat manifold is the cohomology space 
H*{X,C). Higher genus Gromov-Witten invariants give rise to a sequence 
of generating functions , one for each genus <7 > 0; these are functions 
on the large phase space 

Hoo = H*{X X CP'^,C). 

The manifold Hqo has a rich geometric structure: it is the jet-space of curves 
in the Frobenius manifold H. (This identihcation is implicit in Dubrovin [Hj.) 

Frobenius manifolds also arise naturally in a number of other geometric 
situations, such as singularity theory and mirror symmetry (see for exam¬ 
ple Dubrovin [ 2 ] and Manin 123 ). The Frobenius manifolds of Gromov- 
Witten theory carry an additional geometric structure, a fundamental solu¬ 
tion, given by the formula 

00 

k=0 

In this paper, we formulate the differential equations satished by the po¬ 
tentials , such as topological recursion relations and the Virasoro con¬ 
straints, in an intrinsic fashion, that is, in such a way that the equations do 
not depend on the choice of fundamental solution. This effort is rewarded 
by a closer relationship between the resulting theory and the geometry of 
moduli spaces of stable curves. 

A consequence of our analysis is the proof of a conjecture of Eguchi and 
Xiong (Here, we use the summation convention with respect to indices 
a, b, ....) Introduce the coordinates 

u‘ = 8{(0‘‘»„* 
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on H, along with their derivatives 

9V = a^+^((c>“))^, 

which form a coordinate system on Hooi here, d is the vector field on Hqo 
given by differentiation with respect to the puncture variable tg. 

Theorem 1.1. If g > 0, the Gromov-Witten potential has the form 
33-3 

=^— fYa: . 

n=0 ki>0 

fciH- ^kn<3g-3 

The coefficients falTa^{'>J‘°‘^du°‘) are symmetric in the indices {ki,ai), and 
homogeneous of degree {2g — 2) — {ki + ■ ■ ■ + kn + n) in the variables du'^. 

This theorem generalizes a well-known formula for the case of pure grav¬ 
ity: by the Kontsevich-Witten theorem, the functions faiTani'^^^u) are co¬ 
efficients of the Gelfand-Dikii polynomials (Hamiltonians of the KdV hierar¬ 
chy) , and the theorem may be reinterpreted as a result in the theory of inte- 
grable hierarchies. Of course, it may be easily proved in this case by direct 
methods from the definition of the Gelfand-Dikii polynomials. Dubrovin and 
Zhang m have greatly generalized this observation, showing that Theorem 
o holds, for quite different reasons, in the theory of integrable systems. 
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2. The jet-space of a Dubrovin manifold 

2.1. Dubrovin connections. A large part of the theory of Frobenius man¬ 
ifolds does not require the existence of a metric or Fuler vector field. In this 
section, we introduce the geometric structure which is the essential part of 
the definition of a Frobenius manifold, a Dubrovin connection. 
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As in Dubrovin uni, we work with connections on the cotangent bundle; of 
course, there is a bijection between connections on the tangent and cotangent 
bundles. Let 

V : T{M,T*M) 9^{M,T*M) 

be a connection on the cotangent bundle of a manifold M. Denote by 

Vx = i(X)V : T{M,T*M) T{M,T*M) 

the operation of covariant differentiation along a vector field X on M. 

The connection V is torsion-free if the torsion T e vanishes, 

and flat if the curvature R G D^(M, End(T*M)) vanishes. A flat manifold 
is a manifold M with torsion-free and flat connection V on the cotangent 
bundle T*M. A flat coordinate chart M ZJ U on a manifold is a 

coordinate chart u°' : U M such that the one-forms are parallel: 

V{du’’) = 0 . 

A manifold is flat if and only if it has an atlas of flat coordinate charts. 

A pencil of torsion-free affine connections is a family of connections 
depending on a complex parameter z such that 

= V -h zA, 

where V = and A G D^(M, End(T*M)). A Dubrovin connection is 
a pencil of torsion-free affine connections which is fiat for all values of z, 
together with a fiat vector field e such that Ae is the identity. A Dubrovin 
manifold (M, V^, e) is a manifold together with a Dubrovin connection. 

Given a Dubrovin connection V^, denote the vector field {Ax)*Y by XoY ; 
this defines a product on the tangent bundle of M. Denote the components 
of the tensor A in flat coordinates (u“) by 

daodb = Aabdc- 


Proposition 2.1. The data (V^,e) form a Dubrovin connection if and only 
if the following conditions are satisfied: 

1) the affine connection V is flat; 

2) the product X oY is commutative and associative: 

{X oY) o Z = X o (Y o Z)- 


3) the vector field e is flat, Ve = 0, and is an identity for the product 
XoY: 


eoX = X oe = X; 


4) [Xx,Ay]-[Yy,Ax]=A[x,y]- 
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Proof. If V is torsion-free, the commutativity of the product Xol" is equiv¬ 
alent to the vanishing of the torsion of V^. 

The curvature R^{X,Y) of the connection is a quadratic polynomial 
in z: 


= RiX,Y) + z{[Vx,Ay] - [Vy,^x] - A[x,y]) + 

The constant term vanishes if and only if V is flat, the linear term if and only 
if 4) holds, and the quadratic term if and only if X o y is associative. □ 

The questions which we address in this paper are of local character; for 
this reason, we will work in the neighbourhood of a basepoint p G M of our 
Dubrovin manifold (M, V^,e). Let (tt“) be a flat coordinate system on M 
centred at p: that is, n“(p) = 0. 

Since the identity vector field e is flat, we may assume that the flat co¬ 
ordinate system (tt“) is chosen in such a way that e is differentiation with 
respect to n®, where e is one of the indices labelling the coordinates: in other 
words, e = dfdue = de- 
The one-form 

( 2 . 1 ) UJ = TT{Aa)du‘^ e n\M) 

plays a prominent role in the theory of Dubrovin manifolds; following Hert- 
ling m, we call it the socle one-form. 

2.2. Fundamental solutions. A fundamental solution of a Dubrovin mani¬ 
fold is a power series 

OO 

0 = I + '^z^+^Qn G r(M,End(T*M))|z] 

n=0 

such that 

V • 0 ( 2 ) = e{z) ■ VL 

This is equivalent to the sequence of equations 

( 2 . 2 ) Y x&n = 'dn-lAx- 

Since the endomorphism 0o plays a special role, we introduce the notation 
Ai = 00. The case n = 0 of (1^ shows that VxAi = Ax- In particular, 

daMl = 6l 

It follows that A4g = -|- c“, where c“ is a constant. 

Proposition 2.2. Let p he a point of a Dubrovin manifold (M, V^,e), and 
let (u“) he a system of flat coordinates which vanish atp. Then there exists 
a fundamental solution 0 ( 2 ;) in a neighbourhood of p such that A4g = 
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Proof. We construct endomorphisms 0„ of the cotangent bundle T*M in¬ 
ductively in n, starting with 0_i = I. To carry out the induction, we must 
show that the one-form 0n,-i^ € n^(M,End(r*M)) is exact. To do this, 
we use condition 4) of Proposition 12.11 we have 

V(0„_1^) = ([Va, Qn-iAb] - [Vb, Gn-iAa]) du^ A du’’ 

= -F en-2[Aa,Ab]) du^^ A = 0. 

In particular, the existence of 0o is equivalent to condition 4) of Proposition 
12.11 while granted the existence of 0o, the existence of 0i is equivalent to 
the associativity of the product X oY. □ 

If 0(^;) and Q{z) are two fundamental solutions of the Dubrovin con¬ 
nection V^, then 0(z)“^0(z) is a flat section of r(M,End(r*M))[z], that 
is, 

V(0(2)-^0(z)) = 0. 

Conversely, if p{z) is a flat section of r(M, End(r*M)) |z] such that p(0) = I 
and 0(z) is a fundamental solution, then Q{z)p{z) is again a fundamental 
solution. 

2.3. The jet-space of a Dubrovin manifold. Let n be a natural num¬ 
ber and let M be a manifold. An n-jet in M is a map from the variety 
Spec(C[t]/(r+i)) to M. 

In local coordinates (u“), we may write an n-jet as 

n 

k=0 

In particular, Uq are the coordinates of the origin of the jet, and u\ da G 
is the velocity of the jet at t = 0. 

The space of n-jets J^M in M is a fibre bundle over M whose hbres are 
affine spaces of dimension ndimM. For example, a 0-jet is the same as a 
point of M, and a 1-jet is the same as a tangent vector; thus J^M = M and 
J^M = TM. If m < n, denote the projection from J^M to J^M defined 
by reduction mod by pn,m', we write pn '■ J^M M instead of pnfl- 
Let J°°M be the inverse limit 

lmJ”M. 

n 

There is a fibration poo.n from J°°M to J'^M. 

If V is a vector bundle on M, denote the space of sections of the vector 
bundle p* V on J"M by Vn', in particular, the space of sections 

CXD 

Voo = r(J“M,p;,v)= IJ 

n=0 
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is filtered by subspaces 

Vo = r(M, V) c Vi c • • • c Vn • • • c Voo. 

In the case where V is the trivial bundle 0, we see that On is the algebra 
of functions on J^M. 

Given a coordinate system (ri“) on M, define vector fields 

on the jet-space J^M. The differential operator 

OO 

^ = ^“+1 

e=o 

is a vector field on J^M; formally speaking, d generates translation along 
the parameter t of the jet. Note that where = Uq. 

Another important vector field on the jet-space J’^M is the dilaton 
vector field 

OO 

l=Q 

which counts the coordinate with weight i. 

We now specialize to the case where M is a, Dubrovin manifold. The 
Dubrovin connection on T*M pulls back by poo to a connection on 
p%^T*M. If A is a vector field on the jet-space J°°M, denote by X the 
covariant derivative Vx on p*^T*M and its associated tensor bundles. For 
example, we write d instead of Vp. 

Given a vector field X on J°°M, define an endomorphism Ax of the 
bundle p^End(T*M) by the formula 

Ax = X{M). 

This definition is independent of the fundamental solution ©( 2 :), and con¬ 
sistent with the definition of Ax in the case that A is a vector field on M. 
We have the formula 

X{Q{z)) = ze{z)Ax e End(r*M)oo. 

If M has basepoint p and n > 0, let tt be the basepoint of J'^M such that 
vr(t) = p + te + At tt, the endomorphism X = Ap £ End(r*M)oo 

equals the identity; it follows that for n > 0, the open subset JqM C J”M 
on which X is invertible is a neighbourhood of tt G J^M. If V is a vector 
bundle on M, denote the space of sections of p* V over JqM by Vn,o- In 
particular, we have 

OO 

1 ^ 00,0 ~ [J Vn^O- 

n=0 
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2.4. A frame of vector fields on the jet-space. Let (M, V^,e) be a 
Dubrovin manifold with basepoint p, and let ©(z) be a fundamental solution 
such that the flat coordinates Ad" = vanish at p. Consider the following 
noncommutative analogues of the Faa di Bruno polynomials; 

V^{z) = z-^Q-^{z)d'^Q{z) G End(r*M)„. 


For example, we have 'Po('2) = z and Vi{z) = X. In general, we see that 
for n > 0, 

n—1 

Vn{z) = {d + zXr-^X = 

J=0 

where Vnj G End(T*M)n-j. The polynomials Vn{z) are intrinsic; they do 
not depend on the choice of fundamental solution. 

Let dn = du°'d(^a- We now introduce a generating function for vector 
fields on J°°M, by the formula 


C7(z) = = Y,n+i{z)d, ; Ooo ^ T*MIz}^. 

fc=0 £=0 

For example. 


0-0 = ^ d^X de, 
e=o 


OO i 

ai = EE d>^->^(Xd’^-^X)de. 

e=i k=i 


Observe that [d + zX^a{z)] = 0; it follows that [d,ak] = —Xak-i- Together 
with the formula 

aa{z)v!' = X^, 

this characterizes (j{z). 

If X is vector held on M, deflne vector field (Tk,x on J°°M by the gener¬ 
ating function 

OO 

axiz) = {X,a{z)) = '^z’^ak,x- 

k=0 

We abbreviate the vector fields to (Tk^a- In particular, cJo,e = d. 

Given of sequences k = {ki,..., kn) and £ = {£i,..., in), we say that 
k > i \i ki > ii for all i, and that A: > £ if in addition ki > ii for at least one 

i. 


Proposition 2.3. A function f G Ooo = Ooo,o lies in 0(p if and only if 
o'{z)f is a polynomial in z of degree at most t. 

More generally, suppose K = {Ki ,..., Kn) is a sequence of integers such 
that Ki > 1 for all i, and suppose that ... cTfc„/ = 0 for all k > K; then 
• • • dk„f = 0 for all k> K. 
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Proof. Since ajX = 0 for j > 1, we see that for k > K, 


^ki,ai ■ ■ ■ ^kn,an. 

= 

l>k 

Since X is invertible on J^M, it follows that 

dki,ai ■ ■ ■ dkn,an 

= {X-'^^-Xa\ ■ ■ ■ + '^a{k,e)ae^ .. .ae„. 

e>k 

Thus, iTfc^ ... cjfc„/ = 0 for A: > -fC if and only if dk^ ... dk„f = 0 for /c > 

K. □ 

2.5. An afRne structure on the jet-space. We now show how the choice 
of a fundamental solution 0(z) on a Dubrovin manifold (M, V^,e) gives 
rise to an affine structure on the jet-space J^M, that is, a frame of the 
tangent bundle TJ^M consisting of commuting vector fields. This affine 
structure identifies the formal neighbourhood of d with the large phase space 
of Gromov-Witten theory. 

Introduce the generating function of vector fields on J°°M, 

OO OO 

t{z) = Y, zX = Q{z)a{z) = z-^ Y di. 

k=Q e=o 

The introduction of these vector fields is motivated by the fact that they are 
evolutionary; 

[5,r(z)] =0. 

Lemma 2.4. [Q,cr{z)] = a{z) and [Q,t{z)] = t{z) 

Proof. Since QQ{z) = 0, it suffices to prove that [Q,(y{z)] = cr{z). Since 
[Q, <9] = d, it follows that QVe = iVi, and hence that 

OO OO 

[Q,(t{z)] =Y[Q,^e+i{z)de] =YX + 
e=o e=o 

□ 

If A is a vector field on M, let Tk^x be the vector field on J°°M defined 
by the generating function 

OO 

Tx{z) = {X,t{z)) = Y^’"'^k,X, 
k=0 
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and let Tk^a = Tk,da- Note that tq = in particular, To,e = d- Also, observe 
that if / G Oo is a function only of the coordinates on the Frobenius 
manifold M, then 

To,a/ = 0-0,af = . 

In particular, we see that 

(2.3) daf = iX-^tro,bf. 

Proposition 2.5. The vector fields Tk,a form a frame of the tangent bundle 
ofJ^M. 

Proof. We have 

a(A:, £) 9^ 

e>k 

and the result follows, since X is invertible on J^M. □ 

The vector fields were shown by Dubrovin to be the commuting 
flows of an integrable hierarchy. In this paper, these vector fields play an 
auxilliary role: the vector fields are a more natural frame for the tangent 
bundle of J^M, because they are intrinsic, that is, independent of the 
fundamental solution 0(z). For us, the fact the vector fields ak^a do not 
commute is of secondary importance. 


Proposition 2.6. [Ta{z), Tb{y)] =0 


Proof. We have = Wa = XAa, in other words, the com¬ 
ponents of Wa equal and are symmetric in a and b. Since 

[(9, t{z)] = 0, we see that 

CXD 

[Ta{y)Wb{z)] = '^d^"^^{z-^Ta{y)ei{z)-y-^Tb{z)Ql{y))dk^a 
k={) 
oo 

= ^d^^^{z-^^i{y)<^a'{y)Ql{z)-y~^Q't{z)(Tb{z)Ql{y))dk,c 

fc=0 

CXD 

= (y)0b'(^)(>v,b,, - w<f,,,))dk,c = 0. □ 

A:=0 


Corollary 2.7. We have [aa{y),(Tb{z)] = W^^iyafiy) 
words, 






zafiz)); in other 


0 
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k = 0, 
k>0. 


Proof. Since [Taiy), n{z)] = [0“'(y)(Ta/(y), 0j'(z)crb/(2;)] vanishes, we see that 

= 0^'(z)(afe/(2;)0“'(?/))(T„/(y) - 0“'(y)((T„/(y)0^'(2;))afe/(z) 

= ©a (y)0fe'(^)(?/Wfe'a'^c(?/) - zW2,f,,Cr^iz)). □ 

2.6. Flat coordinates on the jet-space. The resnlts of this section are 
taken from m- The main result of this section is Theorem imi which is 
taken from Section 4 of m-, it is interesting to compare this with Proposition 
6.1 of Coates and Givental [^. 

Since the vector fields Tk^a are in involution, there is a coordinate system 
centered at vr G J^M such that Tk,a = and t^(7r) = 0; we call 

these the flat coordinates on the jet-space. 0f course, these coordinates do 
not lie in Ooo,oj rather, they he in the completion O of (Poo at vr, and are 
only coordinates in a formal neighbourhood of vr. This completion O may 
be identified with the algebra C[t^ | A: > 0]. 

Proposition 2.8. Let 0(z) be a fundamental solution on the Dubrovin 
manifold (M, V^,e). There is a unique generating function 

OO 

Hz) = z~^~^tk eTMlz,z~H^^o 

k=—oo 

such that Qt{z) = —t{z) and 

(2.4) T(y)t(^) = ^H)Q-\z) 

For k > 0, we have 

Proof. We start with a lemma of Dubrovin |^. 

Lemma 2.9. Let 

OO 

^{y,z) = ^ y^z^LLk^i 

k,l=0 

be the generating function characterized by the equation 

(2.5) {y - z)n{y, z) = e{y)e~^{z) - I. 

Then = '''Lb^k,m\a- 

Proof. We must prove that Ta{x)Ql{y,z) = Tj,{y)Ll^{x, z) or equivalently, 
that 

{x - z)Taix){Q{y)e-^{z))l = {y- z)n{y){e{x)e-^{z))l. 

Taix){Qiy)<d~^iz)) ={y- z)Q((y)Ar^(^)Q~^{z). 
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But 



Thus, it suffices to show that this follows 

from the formula 

(0(y)^..(.))^ = e^'ix)et{y)A^^j, = e^'ix)et 

and the symmetry □ 


To show the existence of t{z), we must solve the system of equations 


( 2 . 6 ) 


Tj,a^k — ^j,k^a ^j^-k-l\a 


subject to the constraints Qtk = —t^. For A:>0, this system has the unique 
solution 


- 4,i5“- 

For k <0, the system is integrable by Lemma 12.91 Since {Q,x{zy\ = t{z) 
and Qkl{y, z) = 0, we see that Qt^ + tfc is a constant; replacing by —Qtk, 
we obtain the desired solution. □ 


The vector fields Q and e have simple expressions in flat coordinates on 
the large phase space. 

Proposition 2.10. The dilaton vector field Q and the identity vector field e 
are the residues of the generating functions —(t(z),r(z)) and —{t{z), zt{z)) 
respectively. 

Proof. By Lemma I2.4L there are constants such that 

OO 

Q = ^{4-tk)n,a- 

k=0 

By the definition of t{z), we have 

Tk,aUn = (0fc-n-lT’”+^)t 

Applying the equation for Q to the function and evaluating at vr, we see 
that 

OO 

SnA = Y.ei_^_,^fi7r)4. 

k=0 

This system of linear equations is upper triangular, with diagonal entries 
equal to 1, hence has a unique solution: it is easily checked that this solution 
is = (5fcq(5g, since 0e(7r) = = 0. 

The proof of the formula for e in flat coordinates is similar. Since e(0(2;)) = 
zQ(z) and [d,e\ = 0, we see that 

OO 

[e,T{z)]=zY,d^^"<Q{4)di = ZT{z). 

£=0 
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In other words, [e,rfc^a] = Tk-i,a- It follows that there are constants such 
that 

OO 

k=l 

Applying this equation to the function and evaluating at tt, we see that 

C30 

<5n,0<5e' = E®tn-2,a(vr)4. 

k=l 

Again, this system has a unique solution = Sk,iS^- □ 

Just as the modification a = Q{z)~^t{z) of t{z) is intrinsic, so the modi¬ 
fication s = 0*(2;)t(z) of t{z) is intrinsic. This modification was introduced 
in m, where it was denoted z ^G*{—z ^). 


Theorem 2.11. Let (M, V^,e) be a Dubrovin manifold. The generating 
function 

OO 

s{z) = e*{z)t{z) = E G 

k=—oo 

is intrinsic, that is, independent of the fundamental solution 0{z), and 




-(e,(A’-i9)^-iA’-i), fc>0, 

0, fc < 0. 


Proof. We first show that sq = 0. We have 

OO 

^0=^0 + “ ®0,e- 

k=l 

Since Ll{y,0) = y~^{Q{y) — I), we see that Llk,o = ©fc; and hence that 
Tfct_i = — 0fc. It follows that 


a _ .a I 

»n — w 


OO \ 

9 = to + e{t^_i) = 0 . 

k=l ^ 


A special case of ()2.4I) is dt{z) = z ^(e, 0 ^( 2 ;)); it follows that 
(2.7) ds{z) = z~^ e + X* s{z). 


Taking the residue, we see that 0 = e + A^si, while taking the coefficient of 
z~^~^, we see that 5sfc = A’*Sfc_|_i for A: > 1; this establishes the formula for 
Sfc, fc > 0. 

In order to prove that vanishes for A: < 0, we need two lemmas. 


Lemma 2.12. A power series f in the coordinates such that df = ef = 0 
is constant. 
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Proof. Since 


{d-e)f = Y,iW-i,af 
k=l 

vanishes, it follows that / is a constant. (See |2()j . Section 3, for more details 
of the proof.) □ 

Lemma 2.13. (e + z)t{z) = 0 

Proof. The equations [e, r(y)] = yT{y) and {e + z — y){Q{y)Q~^{z)) = 0 
show that 


{z - y)T{y){e + z)t{z) = {z-y){e + z- y){T{y)t{z)) 

= {e + z- y){Q{y)Q~^{z)) = 0 . 

In other words, T{y){e + z)t{z) = 0, and hence (e + z)t{z) € C[z, 2 :“^]. 
Composing this equation with the dilaton vector field Q, we see that (e + 
z)t(z) = 0 . □ 

It follows from the equations Qt{z) = —t{z) and (e + z)t{z) = 0 that 
have Qs( 2 ) = —s(z) and es( 2 ;) = 0 . 

Suppose that s_fc vanishes, for A; > 0. Taking the coefficient of z^~^^ in 
(EH), we see that ds-k-i = 0. Since we know that es_fc_i = 0, it follows 
from Lemma uni that s_fc_i is constant. Since Qs_fc_i = —s_fc_i, we 
conclude that s_fc_i vanishes. Thus s_fc = 0 for all /c > 0, by induction on 
k. □ 

Using the series s(z), we may now rewrite Proposition 12.1 Ol in an intrinsic 
fashion: 

OO OO 

Q — ^ ^ (Sfc) ) 6 — ^ ^ , O'k). 

k=0 k=0 

Apart from being intrinsic, these formulas have the virtue that when applied 
to a function / € On, they truncate to a sum over 0 < k < n. 

Relationship to prior results. The Dubrovin connection was introduced 
by Dubrovin |^. He also initiated the study of the jet-space of a Frobenius 
manifold (which he calls the loop-space). Sections 2.4 and 2.5 are taken 
from our joint work with Eguchi and Xiong m, and Section 2.6 from m, 
Section 4. (Note that the generating function t{z) used here is related to 
the generating function 0 (C) of m by the formula t(z) = 2 ; ^6*{—z ^).) 
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3. The jet-space of a conformal Dubrovin manifold 

3.1. Conformal Dubrovin manifolds. A linear vector field on a flat 
manifold is a vector field E such that VE G r(M, End(TM)) is flat. In 
flat coordinates (n“), there are constants and B°^ such that 

E = {AIv!> + B^)da. 

An Euler vector field E for a Dubrovin connection is a linear vector field 
such that 

(3.1) [E,X oY] = [E,X]oY + X o [E, Y]+XoY. 

Equivalently, [Ce, = ^[E,x] +~^x, where Ce is the Lie derivative of the 
vector field E acting on one-forms. 

A conformal Dubrovin manifold (M, V^, e, E, r) is a Dubrovin manifold 
(M, V^, e) together with an Euler vector field E and a real number r. 

Let /i be the endomorphism of the cotangent bundle defined by the for¬ 
mula 

/J = l — § + Ve — Be- 

The adjoint of /i is the endomorphism of the tangent bundle given by the 
formula 

^*{X) = -VeX + [E,X] + (1 - §)A = (1 - §)A - VxE. 

Let U be the endomorphism U = Ae of the cotangent bundle. 

Proposition 3.1. Let {M,X^,e,E,r) be a conformal Dubrovin manifold, 
and let 7i be the bundle Let 5^ be the endomorphism 

dz = dz Y z YlA 

ofH. T/ien = 0. 

Proof. If A is a vector field on M, we have 
l^x^dz] = [Yx Y zAx,dz Y z ^pYAe] 

= z~^[Vx,p] Y ([Vx, As] - [Vs, Ax] - Ax + Ax]) + ^[Ax, As]- 

Since E is linear, it follows that [Vx, p] = 0; it is also clear that [As, Ax] = 
0. By (EH), we see that that 

[£s, Ax] = A[s,x] + Ax = [Vs, Ax] — [Vx, As] + Ax- □ 

Let 0(z) be a fundamental solution of the conformal Dubrovin manifold 
(M, V^, e, E, r), and consider the conjugate of 6z by 0(z), defined by the 
formula 

6z = 0(z) - 6z ■ Q~^(z) = dzY z~^R(z), 
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where 


R[z) = '^z’^Rk e zr{M,End{T*M))lzj. 

k=0 

In particular, Rq = ^ + ^. It follows from Proposition KI.II that R{z) is flat. 

By the Jordan decomposition, we may write as the sum of semisimple 
and nilpotent endomorphisms and of the cotangent bundle T*M; 
furthermore, both and are flat. (In many cases, such as the theory of 
Gromov-Witten invariants, n is semisimple.) Let tx be the projection onto 
the subbundle of T*M on which has eigenvalue A: we have 

J = ^7rA, /is = ^A7rA. 

A A 

Proposition 3.2. There exists a fundamental solution such that [^s,Rk] = 
hRk • 


Proof. If A — A^ 7 ^ fc, the endomorphism k — ad(/i) is invertible on the space 
of endomorphisms of the form ttxAttx'. we have 

OO 

{k - a.d{n))~^{7rxATTx') = ^(- ad(^„))*(A: - ad{fj.s){'^xA7Tx'))~''~^ 

i=0 

_ ^ (- ad(/in))^(7rA^7rA') 

“ ^ (A: - A + A')*+i ’ 

2=0 

where of course, the sum is finite since fin is nilpotent. 

Let ©(z) and Q{z) = Q{z)p{z) be a pair of fundamental solutions, where 

CXD 

p{z) = I + 

k=l 

is a flat endomorphism of = T*M[z, z~^]. Let + z~^R{z) and dz + 
z~^R{z) be the associated endomorphisms of TC. Then we have 


k-l 


Rk — {k — ad(^))Gfc + ’y^^^GjRk-e — Rk-iGf) + Rk- 


f=i 


Setting 


Gk = - ^ {k-ad{p)) ^('^Trx{GiRk-i-Rk-£Gt)Try+TTxRk'n-x'y 
X-X'^k ^£=1 ^ 


we obtain a fundamental solution ©( 2 ) such that [ps, Rk] = kRk- 


□ 


Definition 3.1. A conformal fundamental solution is a fundamental so¬ 
lution satisfying the condition [ps-,Rk] = kRk 
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Extracting the constant term of the equation 0(z) ■ 5^ — 5^- 0(z) = 0, we 
see that 

(3.2) U = [ix,M\+M + Ri. 

Applying d to this equation, we see that 

(3.3) dU=[n,X] + X. 

3.2. Vector fields on the jet-space of a conformal Dnbrovin mani¬ 
fold. Let Ck be the vector field on the jet-space J^M of a conformal 
Dnbrovin manifold (M, V^, e, E, r) defined by the formula 

Ck = Res^=o(s(2;),2:<5^+V(2;)). 

For example, £_i = — e. By the work of Eguchi, Hori and Xiong m and 
Dnbrovin and Zhang these vector fields play a fundamental role in the 
theory of Gromov-Witten invariants. In this section, we give simple intrinsic 
formulas for them. 


Theorem 3.3. Restricted to Oq C Ooo, the vector field equals 
We have 

[d,Ck] =Resz=o{e, a{z)), 

and 


(3.4) Ck = -J2(9‘ 


£=0 


M 


fc+i 




-1 


Res,=o{e,5l-^^{d + zXf-^X) 


Proof. By Theorem irm S£ vanishes for i < 0. Since a{z)u^ = Xdu"^, it 
follows that 


= Resz=o{siz),z6’f~^^Xdu°‘) = {si,U^~^^Xdu°‘) 

= {X*si,U’^+^du^) = -{e,U’^+^du‘^) = 

Here, we have used that [Z/f, X] = 0. 

Choose a conformal fundamental solution Q{z) on M. We may replace 
s(z) and a{z) in the formula for by 0 *( z ) t ( z ) and Q~^{z)t{z)., and 
rewrite as 

Ck = Resz=o{<8>*iz)t{z),z6’f^^Q~^{z)T{z)) = Res^=o(t(2;), z5^+V(z)). 

From this formula, and the fact that [d, <5^] = 0 and [d, t{z)\ = 0, we see 
that 


[d, Ck] = Res2=o(<9t(2;), z5^+V(z)) = Res^=o(0*(z) ^e, 5^+V(z)) 
= ReSz=o{e, S’f^^a{z)). 
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If X is a vector field on the jet space J°°M, we have 


i 

X{n\) = d^iXu^) 

i=i 


In the special case X = Ck, this gives 

i 

^kUe = -d\Ckv!") - ^9^“^Res^=o(e,(5^+V(2:)ri“_j), 
j=i 

from which (E31) follows. □ 

Using the noncommutative Faa di Bruno polynomials Vn{z)^ we may 
rewrite (1231) in the elegant form 

OO i. 

Ck = -^^9^Res2=o(e,(5^+^Pf_j(z))a^ 
e=o j=o 

The following corollary is an immediate consequence. 

Corollary 3.4. The vector field Ck preserves the filtration of Ooa by subal¬ 
gebras Oj. 

As an illustration of the utility of the formula (1231) . let us calculate CkX; 
we will need this calculation later in the discussion of Virasoro constraints 
in genus 1. 

Proposition 3.5. 

k k 

CkX = lJU^~%AaX - |(A: + 1)XU'^ 

e=o £=o 

Proof. We have X = u\Ab, hence do^aX = dAa, di^aX = Aa, while dn,aX = 
0 for n > 1. It follows that 

doX - d{e,U^^^) diX - Res^=o(e, 5^+^ A) diX 

= -diiU'^+^reAa)-Res,=o{b^+^xy.Aa 
= -diU’^+^) - Res,=o{S’f+^)tAaX, 

since [Ax, Ay] = 0. By (13.3(1 . we have 

k k 

d{U'^+^) = + = -(fc + + 

i=0 i=0 
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We also have 


k 

Res,=o(5^^):A^ = + \)U^-y,AaX 

1=0 

k 

= i(/^ + l)(ZY'=)“AR’ + 

e=o 

The proposition follows, since {U^)'^Aa =U^■ □ 

Corollary 3.6. In terms of the socle one-form u of (EU), 

k 

£fclogdet(T’) = + 

£=0 

Proof. We see from Proposition 13.51 that 

TfelogdetCT) = TT{X-^CkA) 
k k 

= ^Tr[X,X-^U^IjU^-^] - ^(Z^VZ^^“0eTr(A) - |(A; + 1) Tr(ZY^). 
£=o e=o 

The corollary follows, since Tr[X, = 0 and Tr(ZY^) = {e,U^oj). 

□ 


The vector fields form a Lie algebra isomorphic to the Lie algebra of 
vector fields on the line, under the correspondence which associates to Ck 
the vector field These relations are sometimes called the Virasoro 

relations. 


Theorem 3.7. [Cj,Ck] = (j - k)Cj+k 
Proof. We have 


{Hy),y^i'^^'r{y)),{t{z), z5'f+^T{z)) 


(^Hy),y^'^^ ■ 

0(2/)0-n^) 



z-y 

(t{z),z5’f+^ ■ 

&{z)e-yy) 


y - z 

/s{y),y6l+^ ■ 

■ ^ 

a{z)\ /s{z),z6^^+^ ■ 

\ 

z-y 

/ \ y- 

{iSiy^^ysiy),z6’f^^o 
z — y ^ 

i'-)) - 

y ^ 
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The coefficients of and in {5*y^^ys{y) and 
£ > 0; it follows that 

R«,.,(£Th5(£> 


Res,,= 


y=0 ■ 


z-y 


y - z 


zs{z) vanish for 

= iSl)’'^^ysiy), 


and hence that 


[Cj,Ck] = ReSy=o Res 2 =o {t{y),ySl'^^T{y)), {t{z), z6’^+^t{z)) 

= Res2=o((5*)-^+^2s(z), Z(5^+V(z)) - ReSy=o{{6*)^+^ys{z),y6l'^^a{y)) 
= Res2=o(s(2:), {zSi'^^ ■ - 2(5^+^ • z6i'^^)a{y)). 

The result follows, since zdi^^ ■ + (j + l)z6i 


^i+fc+i 


□ 


As a corollary, we see that 

^ _ .^^oU + k-l) ^ 

This relation was first conjectured for Frobenius manifolds by Dubrovin and 
Zhang m, and proved by Hertling and Manin m, using their theory of 
F-manifolds. 


Relationship to prior results. The theory of conformal Dubrovin con¬ 
nections is due to Dubrovin. The study of the Virasoro vector fields on the 
jet-space of a Frobenius manifold was initiated by Dubrovin and Zhang m-, 
the presentation in Section 3.2 is based on the methods of Section 5 of m 
(for the action of these vector fields on functions of the underlying Dubrovin 
manifold) and of m (for the commutator with the vector field <9). 


4. Topological recursion relations for Gromov-Witten 

INVARIANTS AND THE JET-SPACE 

The genus 0 Gromov-Witten invariants of a smooth projective variety X 
define a conformal Dubrovin manifold with conformal fundamental solution, 
called the small phase space of A. In this section, we recall the construction 
of the small phase space, following Dubrovin |^. We then show the way in 
which the theory of topological recursion relations (Eguchi and Xiong m, 
Kontsevich and Manin [25) . and our own work m) takes a simpler form 
when rewritten using the intrinsic geometry of the jet-space of this Dubrovin 
manifold; this is the main new result of this paper. 

4.1. Stable maps and Gromov-Witten invariants. Let us recall the 
definition of the Gromov-Witten invariants of a projective manifold over C; 
see Cox and Katz [3j and Manin 123 for more detailed expositions. The 

19 






definition which we outline is the one which works in the setting of alge¬ 
braic geometry: Gromov-Witten invariants have also been defined for com¬ 
pact symplectic manifolds, using entirely different techniques. The Gromov- 
Witten invariants of a projective manifold reflect the intersection theory of 
Kontsevich’s moduli spaces of stable maps (3), whose definition we 

now recall. 

Let X be a projective manifold of dimension r. A prestable map 

{f : C ^ X,zi,...,Zn) 

of genus g > 0 and degree (3 G H2{X,7j) with n marked points consists of 
the following data: 

1) a connected projective curve C of arithmetic genus g = h^{C,Oc)-, 
whose only singularities are ordinary double points, 

2) n distinct smooth points (zi,..., Zn) of C; 

3) an algebraic map f : C ^ V, such that the degree of /, that is, the 

cycle /*[C] G Z), equals (3. 

If C is the normalization of C, the special points in C are the inverse images 
of the singular and marked points of C. (Note that the degree of / : C —> X 
equals 0 if and only if its image is a single point.) 

A prestable map (/ : C —> X, zi,..., Zn) is stable if it has no infinitesi¬ 
mal automorphisms fixing the marked points. The condition of stability is 
equivalent to the following: each irreducible component of C of genus 0 on 
which / has degree 0 has at least 3 special points, while each irreducible 
component of C of genus 1 on which / has degree 0 has at least 1 special 
point. In particular, there are no stable maps of genus g and degree 0 with 
n marked points unless 2{g — 1) -|- n > 0. 

The moduli stack of n-pointed stable maps A4g^ri{X, (3) is the classifying 
stack for stable maps of genus g and of degree /3; it is a complete Deligne- 
Mumford stack, though not in general smooth (Behrend and Manin [1] ). The 
definition of Gromov-Witten invariants is based on the study of A4g^n{X, (3). 
Let evj : AIg,n(X, /3) —s- X, 1 < i < n, be evaluation at the ith marked point: 

ev* : Mg,n{X, [3) 3 {f ■. C ^ X,zi,... ,Zn) ^ f{zi) G X. 

Let (/ : C —> X, ^ 1 ,..., Zu+n) be a stable map, representing a point of 
Mg^n+N{X, (3). Forgetting the last N points, we obtain a map {f : C ^ 
X,zi,..., Zn) which may not be stable, owing to the existence of rational 
components of C on which the sheaf f*TX (g) Oc(—(zi Zn)) has 

non-vanishing sections. On such a component, the map / is constant; thus, 
there is a stable map (/ : C —> X, zi,..., obtained by contract¬ 

ing each of these components of C. There is a morphism, constructed 
by Behrend and Manin |^, which sends {f : C ^ X, zi,..., Zn+N) to 
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{f : C ^ X, zi,, and which we denote 

'^n,N ■ g,n+N {X , P') >■ Xlg ^iX^PP 

In the case = 1, this construction yields the universal curve 

(4.1) TT = 7Tn,l :Mg,n+liX,P) ^Mg,n{X,P). 

The fibre of vr at a stable map {f : C ^ X, zi,..., Zn) is the curve C; 
/ = ev,i+i : Xig^n+i{X, P) —> X is the universal stable map. 

The sheaf i?^7r*/*TX on M.g^n{X, P) is called the obstruction sheaf of 
Mg^n{X, P). If it vanishes, the Grothendieck-Riemann-Roch theorem im¬ 
plies that the stack Aig^ni^, P) is smooth, of dimension 

(4.2) YdimMg,n{X,P) = (3 - r){g - 1) + /^ci(X) + n; 

this is called the virtual dimension of A4g^n{X, P). This hypothesis is 
rarely true; however, there is an algebraic cycle 

[■M.g,n{X, P)\ G -f^2vdimAlg,„(X,/3)(-^9,»i(^! 

the virtual fundamental class, which stands in for [Aig^n{X, P)] in the 
general case. The most important property of the virtual fundamental class 
is the formula 

(4.3) \Mg,n+i{X,P)Y^'^^ = 7:'-\Mg,n{X,P)Y'^^^ 

for integration over the fibres of the stabilization map. 

If the obstruction sheaf R^TT^f*TX is locally free of rank e, the moduli 
stack A4g^n(X, P) is smooth of dimension vdimAig^niX,P) + e, and the 
virtual fundamental class satisfies the equation 

[Mg,n{X,PT^^ = CeiR^.fTX) n ^g,n{X,P)]. 

The universal curve gU) over Adg^niX, P) has n canonical sections 
ai-.Mg,n{X,P)^Mg,n+i{X,P), 

corresponding to the n marked points of the curve C. Consider the line 
bundles 

Q.i = a*oj, 1 <i < n, 

where tv = n+i{x p)IMg n{x p) the relative dualizing sheaf of the uni¬ 
versal curve. Thus, the fibre of 12* at the stable map f : C ^ X equals the 
cotangent line T^C of C at the fth marked point Zi of C. Let 

= cPQi) G H\Mg,n{X,p),I,) 

be the Chern class of 12*. 

The Gromov-Witten invariants of a projective manifold are defined by 
integrating tautological cohomology classes against the virtual fundamental 
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class ■ Given rational cohomology classes xi, ..., Xn on X, 

we define the Gromov-Witten invariants by the formula 

(TkAxi) ■ ■ ■ TkAxn))f,/3 = [_ evt Xi... ev; G Q. 

Perhaps the most important property of the Gromov-Witten invariants is 
that they are invariant under deformation of the variety X. 

The Novikov ring A of X is the commutative graded algebra consisting 
of all formal sums 

I3&H2{X,1) 

such that for all C > 0, the set of /3 G H 2 {X,'E) such that ap ^ 0 and 
J< C is finite; the product is defined by and the 

grading is defined by \q^\ = —2ci(X) n (5. For example, for CP*^, we have 
A = where |g| = —2{d + 1). By working over the Novikov ring, we 

may combine the Gromov-Witten invariants in different degrees into a single 
generating function: 

{Tk^{xi) ...Tk^{Xn))^ = ^ 

P&H2{x,z) 

4.2. The small and large phase spaces. Let 

{7a G I a G A} 

be a homogeneous basis of the Dolbeault cohomology of X, such that for 
a distinguished element e G A, 7 e = 1. The small phase space H of X is 
the formal neighbourhood of 0 in the vector space iL*(X, C). Denote by 
the coordinates on H dual to the basis 7 a. Let rj be the flat metric on H 
associated to the Poincare form on iL*(X, C), with components 

Vab = fx7a U 7b, 

and by 77 “^ the inverse matrix of r/afe- 

Dubrovin shows that H is a conformal Dubrovin manifold, and con¬ 
struct from the genus 0 Gromov-Witten invariants of X a conformal funda¬ 
mental solution 0(z) on H. The flat connection V of this Dubrovin manifold 
is the Levi-Civita connection associated to the flat metric rj. We defer the 
definition of the remaining geometric structures on H, namely the tensor A, 
the identity and Euler vector fields e and E and the fundamental solution 
0, to below. 

The large phase space Hoo of X is the formal neighbourhood of 0 in the 
vector space H* (X x CP“, C); it is a formal manifold with coordinates 
I a G A, A: > 0}, where has degree —pa — 2k. (If X has cohomology 
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of odd degree, H and Hoo are actually supermanifolds; this detail does not 
materially change the theory.) 

The genus g potential !Fg of X is the function on the large phase space 
Hoo given by the formula 

oo 

(4-4) ^9 =Y.-\ , 

n=0 ki...k„ 

Cli. ..(In 


where we write in place of rfc( 7 a). 

Denote the constant coefficient vector field d/dt^ on Hoo by and ro,e 
by d. The partial derivatives of the potential Tg are denoted 


(('7'fci,ai • • • 'Tkn,an))g — '^fci,ai 




,a, 




‘X 


In particular, {Tki,ai ■ ■ ■Tkn,an)f value at 0 G Hoo of the function 

((Tfci,ai • • • Tkr,,aJ)f- Explicitly, we have 


{{'Tki,a 


’ '^ kn , an )) 


OO - 

E 

l3£H2iX,Z) N=0 


E 


^kn+l 




^f>N 

^n+N 



+ A,(X,/3)]virt 




• • ^n+AT evi -fa,... -fa^ ev,,+i ... ev„+^ 7;,^. 


4.3. Dual graphs and their associated cycles. The moduli space of 
stable maps M.g^n{X, (3) is stratified by boundary strata, which are most 
conveniently parametrized by dual graphs. 

The dual graph C{G) of a pointed prestable map {f : C ^ X, zi,..., Zn) 
is a graph G = G{G) with one vertex v for each component G{v) of the 
normalization G of the curve G, labelled by the genus g{v) of this component 
and the degree P{v) of the restriction f{v) : (^(u) —> X of / to G{v). 

The edges of the dual graph G{G) correspond to double points of the 
curve G] the two ends of an edge are attached to the vertices associated to 
the components on which the two branches of the double point lie. (If both 
branches lie in the same component of G, then the edge is a loop.) 

Finally, to each marked point Zi of the curve corresponds a leg of the 
graph, labelled by i, at the vertex corresponding to the component of G on 
which Zi lies (which is uniquely determined, since z, is a smooth point). 

In drawing dual graphs, we denote vertices of genus 0 either by a solid 
circle • or leave them unmarked and vertices of genus > 0 by ®. 

Define the genus g{G) of a dual graph G to be the sum of the genera g{v) 
over the vertices v G Vert(G) of G and the first Betti number of the graph 
G. Then g{G) equals the arithmetic genus of the curve G. Define the degree 
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(5{G) of a dual graph G to be the sum of the degrees f3{v) over the vertices 
V of G. The valence n{G) equals the number of external legs of G. 

A dual graph is stable if each vertex v such that P{v) = 0 satishes the 
additional condition 2{g{v) — l)+n{v) > 0; a pointed prestable curve is stable 
if and only if the associated dual graph is stable. The set of isomorphism 
classes of stable dual graphs G of fixed genus g{G), valence n{G), and degree 
/3(G) is finite. 

If G is a stable graph of genus g, valence n and degree /3, let Ad{G) C 
P) be the moduli stack of stable maps with dual graph G, and let 
M.{G) be its closure in /3). Let M.{G) be the product 

M{G)= n 

tJSVert(G) 

with virtual fundamental class 


DGVert(G) 

There is a natural covering map 

7r(G) - MiG) ^M(G), 


with covering group Aut(G). Let [G] 

[:m(g)]"^’'* = - 


= [M(G)]^'’'* be the cycle 

(G)4AI(G)]™* 

|Aut(G)| 


In formulas, we will often symbolize the cycle [G] by the dual graph G itself. 

A dual graph G with one edge determines a Cartier divisor D(G) sup¬ 
ported by Ai{G). Axiom V for virtual fundamental classes in Behrend |H] 
implies that 

D{G) n [Mg^G),n(G){X,P{GW^^^ = [G]. 

The following formula is due to Witten |29j . 


Proposition 4.1. Let tt : M-g^n+i{A, P) —> M.g^n{X, P) he the universal 
curve gH). For 1 < i < n, let Di = D{Gi) he the Cartier divisor on 
Mg^n+i{A., P) associated to the dual graph 


1 I n 



i n+l 


Then on A4g^n+iiA, P), we have the formula = 'Lj + D*. 
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4.4. The puncture, dilaton and divisor equations on the large phase 
space. For u G let Ra{^) be the matrix of multiplication by w 

on H{X): 

u;Uja = 

Combining Proposition 14.1 1 with (14. we obtain the puncture, divisor 
and dilaton equations: 

n 

(4.5) {To^eTki,a\ ■ ■ ■ 'Tkn,a„) ^ (pci.ai • ■ ■ • • • Tk„,a„)g^/3: 

i=l 

n 

(4.6) {To{‘^)Tki,ai ■ ■ ■ '^k„,a„)g^i3 = ^ ^ Raii^) {'’'ki,ai ■ ■ ■ Tki-l,b ■ ■ ■ Tkn,an)g,f} 

i=l 

+ I ■ (Ffcl,ai • • • '’'kn,an) g^j3, 

(4.7) {Tl,eTkuai ■ ■ ■ Tk„,an)g,0 = (2ff - 2 + n)(rfci,ai • • • rk^,ajg,0- 

Owing to the nonexistence of the stabilization maps vr ; A4o,3(-^, 0) ^ 
A^o, 2 (-^,0) and vr : A4iq(X,0) ^ A4i^o(^)0)) we have the following ex¬ 
ceptional cases: 

(To,eTo,aro,6)^0 = Vab, {n,e)l,0 = 

(To(cu)TOja'h),b)o,0 ~ Rab{^)j (’h)(iA^))l,0 ~ Cr—l{X). 

Introduce the vector fields 

OO OO OO OO 

e = - X] ^k+l^k,a = d-Y^ tk+ldk,a, 2 = “ X] ^kdk,a = 9l,e “ ^ 

A:=0 k=0 k=0 k=0 

on the large phase space Hoo- The puncture and dilaton equations are equiv¬ 
alent to the differential equations 

ejrX ^ i habtoto^ 5 = 0, X ^ I ^X(^), 5=1, 

lo, 5>0, ^ \(2g-2)Rf, g ^ 1, 

for the Gromov-Witten potentials . 

We may identify the large phase space Hoo with the jet space of the 
small phase space H. Consider the map u from the large phase space Hoo to 
the small phase space H given by the formula 

u“ = r?“'’d((ro,,))^. 

Applying the vector field do,6 to the genus 0 puncture equation eRjf = 
^Vabto^O’ Ibat 

C50 

k=0 
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It follows that the map u : Hqo ^ H is a submersion at 0; this submersion 
has a section, which identifies H with the submanifold of Hqo along which 
the coordinates k > 0, vanish. 

The following result shows that the jet coordinates form a coordinate 
system on the large phase space, and that the origin of the large phase space 
corresponds to the basepoint of the jet-space 

Proposition 4.2. We have cl"'n“(0) = and rfc^b(9"'u“)(0) = if 

k < n. 

Proof. We argue by induction on n = 0; we have already seen that the result 
is true for n = 0. Expanding the equation e”'(u“) = 6n,iSf, which holds for 
n > 0, we see that 

n—1 y OG \ n—i 

(48) = + 8'a“. 

i=0 ^k=0 ^ 

In particular, evaluating at 0 G Hqo, we see that d^u^{0) = dn,iS^. Applying 
the vector field Tk,b to (14.81) and evaluating at 0 G Hqo, we see that 


n—1 

TkMd^u^m = 

1=0 

The result now follows by the induction hypothesis. □ 


The following theorem is due to Hori |24| : we will only need it in genus 
0, where it yields a construction of an Euler vector field on the small phase 
space. 


Theorem 4.3. Let Cq be the vector field 

OO OO 

-Co = +Pa + ^)tfcTfc,a + ^ Ra^k+l'’'k,b 

0 k=0 

OO OO 

j(3 - r)5i,e + + ^<1 + ^ykTk,a - Krofi + Rltl^iTk,b, 


k=0 


k=0 


k=0 


where R\ is the matrix R^{ci{X)). We have 


0 — CqJ-^ + < 


^Rabtoto, 5 = 0 , 

^ /x((3 - r)criX) - 2ci{X)cr-iiX)), g = l, 
0, g>l. 
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Proof. The formula (|0) for the dimension of the virtual fundamental class 
of A4g^n{X, (3) implies the following identity: 

n 

= vdim/3) ■ (rfci,ai • • •Tfe„,a „)^/3 

i=l 

= {{3-r){g-l)+J^ciiX)+n){Tk,,ai---Tk„,ajf,(3- 

To eliminate the dependence on the genus subtract |(3 — r) times the 
dilaton equation (gSl); after some rearrangement, this gives 

n 

'^{Pai +ki + (rfci,ai • • • Tk^,a„)^,0 

i=l 

= 2(3 — f){Tl^eTki,ai ■ ■ ■ '’'kn,an)g,0 T 1 ■ ■ ■ '’'kn,an)g,0- 

To eliminate the dependence on f3, apply the divisor equation (inni) with 
oj = ci{X)-. this yields 

n 

^ y ({Pai3~ki-\ 2~ ) {'^ki,ai ■ ■ ■ Tkn,an){'^ki,ai ■ ■ ■ Tki-lfi ■ ■ ■ '^kn,a„) g^pj 

i=l 

~ 2^^ ~ '^)('ri,e'rfci,ai ■ • • Tk„,a„)g^0 + {T0,eTki,ai ■ ■ ■ Tk„,an)g,0- 

Taking into account the exceptional cases in degree 0, we obtain the theorem. 

□ 


4.5. Topological recursion relations. A stable curve is a stable map 
with target a point; the moduli space M.g,n = .^g,n(pt, 0) of stable curves 
of genus g with n marked points is a smooth Deligne-Mumford stack of 
dimension 3^ — 3 + re, the Deligne-Mumford-Knudsen moduli stack of stable 
curves. Denote the line bundles Dj on Xig^n = .A^g,n(pt,0) by cuj, and their 
Chern classes ci{uji) by ipi. 

If re and N are nonnegative integers, let A4g^n,N{X, j3) be the moduli space 
of stable maps M.g^n+N{X, j3). If 251 — 2 + re > 0, the stabilization map 

Pn,N • 3^g^n,N{,X, fP) > X\g,n 

is the morphism which takes a stable map (/ : C —> A, zi,..., xi,..., xat) 
to the stabilization {C, zi,..., ■ We abbreviate the pullback p^N'^i 

by ipi- 
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Proposition 4.4. For 1 < i < n, let Di = D[Gi) he the Cartier divisor on 
(3) assoeiated to the following dual graph: 


Gi 



Then 4', = V'j + A. 

Proof. See the proof of Proposition 5 in □ 

Corollary 4.5. 


1 


1 


1 - Z^i 


1 - Zlpi 


1 + 


zDi 


1 - Z^i 


Proof. Divide the equation l — zifi = l — z{'^i — Di) by {l — z'il)i){l — z'^i). □ 


From Proposition na we may derive many relations among Gromov- 
Witten invariants. For example, using the vanishing of ipip 2 ^if on the 
zero-dimensional moduli space A4o,3 when ki > 0, we obtain the genus 0 
topological recursion relation 

(4.9) (('Pci,ai'7“fc2,a2'Pc3,a3))o = h ((pci —l,ai To,a) )o (('h),B'Pc2,a2’^fc3i“3 ) )o ■ 

The following result of Dijkgraaf and Witten [7j, proved using the topological 
recursion relation in genus 0, may be viewed as an analogue of Theorem 11 .1 1 
in genus 0. 

Proposition 4.6. The funetion {{Tk,aTe,b))o on the large phase space is the 
pullback of a funetion on the small phase space; that is, 

00 ^ 

(4.10) {{Tk,aTe,b))o = ^ {rk,ar£,bro,ai • • • To^aJo ■ 

n=0 

Proof. Let Ak^a-/,b and Bk^a-,i,b be the left and right-hand sides of (imi . 
Since and tg are equal along H C Hoo, it follows that Ak^a-,i,b and Bk^a\t,b 
are too. We now calculate the derivatives of Ak^a;e,b and Bk^a-,e,b with respect 
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to m > 0, using (USD. On the one hand, 

OO ^ 

Tm,cBk,a\t,b ~ {Tm,cU ^ ^ jU ^ ... U " {'Tk,aT(.,bT0,aQT0,a\ ■ ■ ■ TO,an)o 

n=0 

OO ^ 

= {{'rni,cTQ,eTQ,A))o ^ {Tk,ari,bTQ,BTo,ai ■ ■ • 7-0,a„)^ 

n=o”- 

= V^^r]^^{{Tm-l,cTo,c))o {{rO,DTo,ero,A))o 

OO ^ 

V —u“i ... (rfc,ar£,fcro,sro,ai ■ ■ ■ ro,a„)^ 

n 

n=0 

= {{Tm-l,cTo,A))o To^BBk,a-,£,b- 

On the other hand, we have 

'rm,c-^k,a;i,b — {{Tk,a'ri,bTm,c}}o — V ((’^m—1 ,c'7'0,a)) o {{'^k,aT~i,bTO,B))o 
— V (("Tm—1 ,c’^0,a))o '^0,B.^k,a\£,b- 

Induction in the order of vanishing of Ak^a;£,b — Bk^a;£,b in the variables {t^ \ 
m > 0} shows that the two power series are equal. □ 

4.6. The Dubrovin connection on H. Let A4 be the endomorphism of 
the cotangent bundle of H with components = r?^'^((To,aTo,c))^; by 
Proposition EM it is a function on H. We may now define the Dubrovin 
connection = V + zA on the small phase space H: the tensor A is 
dehned by the formula Ax = X{M.). 

Proposition 4.7. Ax = X~^tq^xM = (To,eA)“^(To,xAI) 

Proof. By (12.311 . we have Aa = (-T“^)^ro,feA4 = T“^ro,aAI. □ 

We now check that = V + zA is a Dubrovin connection. The equation 
[Va, A-b] = [Vb, A-a] follows from the fact that the tensor A is the covariant 
derivative of A4. The equation [>Ia,Alb] = 0 is equivalent to the Witten- 
Dijkgraaf-Verlinde-Verlinde (WDVV) equation 

{{TO,aro,bTO,A))o {{ro,Bro,cro4))o = {{TO,aTo,cro,A))o i{'^0,BTo,bTo,d))o . 

This equation is proved by applying the vector field ro,b to the topological 
recursion relation (lOl) : 

((n,aTo,cro,d))o = 'n'^^{{T 0 ,aT 0 ,A)) 0 {{T 0 ,BTQ,cT 04 )) 0 . 

This gives 

( {TO,aTo,bTO,A))o{ {To,BTo,cro,d))o 

= {{Tl,aTo,bTo,cTo,d))o “ {{TO,aTo,A))o{{To,BTo,bro,cTo,d))o', 
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the left-hand side of this equation is symmetric in the indices b and c, since 
the right-hand side is, and this is precisely the WDVV equation. 

The identity vector field e of the Dubrovin connection is the constant 
vector field de in the direction of the coordinate u^. The equation Ae = 
eA4 = / is obtained by applying the differential operator ro,a'ro,fe to the 
puncture equation eJFf^ = ^rjabtotg = 0. 

4.7. The Euler vector field on H. Using Hori’s equation, we may con¬ 
struct an Euler vector field E on H which along with the Dubrovin connec¬ 
tion and the identity vector field e makes it into a conformal Dubrovin 
manifold. To see this, apply the differential operator ro,bro,c to the equation 
= 0: we obtain 

(4.11) Co{{To^bTQ^c))o +{pb+Pc + '^- r){{To^bTo^c))o + Rbc = 0. 

In particular, 

Cqv!^ + (1 — Pa)u°' + Re= + Eu°' = 0, 
where E is the vector held 

E = Y,{{l-PaK+K)da- 

a 

Let p be the endomorphism of the cotangent bundle of H with components 

fA = €{Pa - r/2), 

corresponding to the identihcation of the constant r in the dehnition of the 
conformal Dubrovin manifold M with the dimension of X. By dnu) , we 
see that 

To(A4) -|- [/r, Xi] A4 -|- ii = 0. 

Applying the vector held d to (14.111) . we see that Cq{X) + [p,X] + ‘E^X = 0, 
and hence that 

Co{x-^) + [p,x-^] - ^x-^ = 0 . 

It follows that 

E{Aa) = -Co{X-\Q,aM) 

=—Co{X ^)ro,aA4 — T ^TQ^aEo{M) — X ^[To,To,a]A4 

= ([/^)'^ — ^-i^Aa) + [x ^ro,a[/^)A4] + Aa) -|- (pa + ^-J^)Aa 

— [//, ^a] T PaAa- 

In other words, [E,A‘^fj] = {pa + Pb ~ Pc)~^ab'^ this implies (Id.ljl . since on the 
one hand, 

[E,daodh] = [E,Al,d,] = {E{AU) - {1-Pc))dc, 
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while on the other hand 


[E, da] odb + daO [E, db] +daOdb= (-(1 - Pa) - (1 - Pb) + l)Albdc- 


This establishes that E is an Euler vector field on the small phase space H. 

Observe that Hori’s vector field Cq agrees with the vector field Cq = 
Res(s( 2 ;), zdz(j{z)) associated to the conformal Dubrovin manifold (H, V^, e, E) 
Historically, Hori’s equation was an important step in the discovery of the 
Lie algebra of vector fields Ck- 

4.8. The fundamental solution on H. It is remarkable that the small 
phase space H has a canonical conformal fundamental solution; this was 
first shown by Dubrovin (see [HI, Chapter 6 ). 

Proposition 4.8. The matrix 


OO 



k=0 


is a conformal fundamental solution on H. 

Proof. The equation da&k = &k-iAa is an instance of the genus 0 topolog¬ 
ical recursion relation: 


{{Tk,aTo,bTo,c))o = {{Tk-l,aTo,A))o {{To,BTo,bTo,c))o ■ 


It remains to show that the fundamental solution 0(z) is conformal. Ap¬ 
plying the differential operator Tk^aTo^b to Hori’s equation in genus 0, we see 
that 

Eo{{Tk,aTo,b))o + {k + l+Pa+Pb- r) {{Tk,aTo,b))o + SkflRab = 0. 
Multiplying by z^~^^ and summing over fc, we see that 


EQ{z) = zdzQ{z) + [p, 0(^)] -|- zR. 


On the other hand, EQ(z) = zQ{z)lA, where lA = EA4. From this equation, 
we see that the operator 5z equals 


— dz + z ^{p + ^) + R. 


Since [p,R\ = R, we see that 0 ( 2 ;) is conformal; this equation is the state¬ 
ment that multiplication by ci{X) in the Dolbeault cohomology raises degree 


by (1,1). 


□ 
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4.9. Intrinsic formnlation of topological recnrsion relations. We now 

come to the main result of this paper, an expression for the topological 
recursion relations among Gromov-Witten invariants in terms of the intrinsic 
vector fields ak,a on the jet-space J(5“H of the small phase space H. 

Introduce functions {{crki,ai ■ ■ ■ ^kn,a„))f on the large phase space by the 
formula 


OC - 

/3eH2(x,z 


N\ 

N=0 b\...bj^ 


f>N 

In 


'_ 'rl • • • ^n-l-1 • • • ^ n+N 


evi ... ev„ ev„+i 76^... ev„+jv 7 bjv • 


Theorem 4.9. If h > 0, then {{crk^,a^ ... crk„,a„))g = o'fci,ai • • • (ik„,an^g ■ 


Proof. Form the generating function 


= Y1 (Wi,ai • • • 

hi ,. ..,hn—0 

00 - 

= ^iN 

P£H2{X,1) N=0 ■ bi...fejv 

£i...£n 

f K\i • • • K+n ev! 7ai ■ • • ev* 7a„ e<+i 7fei ■ • • e<+jv 7b^ 

^[7^9,„.iv(X,/3)]virt (1 - Zifji) . . . (1 - Znf’n) 

Corollary 14.51 implies that 

®ai (^ 1 ) ■ • • (^1’ ■ ■ ■ i Zn) = "Tai (^^l) ■ . . Ta„ {Zn)bFg ■ 

By the relation aa{z) = &^a{z)Tb{z), it follows that 
®al{z2) . . . ■ ■ ■ , Zn) = ^ai (zi)Ta2 (Z 2 ) ■ • • TaSZn)IFf. 

Since 

0-ai(2l) • ‘^%{Z2) = 0a2(^2) ' Ki(^l) + 2 : 2 ^ 1 ), 

we see that 


©at (^ 3 ) • • • 0a:(^n)-^^aia2fe3...fen(^l> ' ' ' ’ 

= {(larizi) + Z2Aai)aa2iz2)Ta3{z3) . . .Ta„iZn)T^ . 
Continuing in the same vein, we see that 

(*^ai (^ 1 ) 4“ (■2'2 “b ■ ' ' 4“'2'n)7lai) ('2^n— 1 ) 4“ ZnAa„_i^(Ian{Zn)Pg ■ 
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The proposition follows on expanding in the parameters z*. 


□ 


This theorem immediately implies Theorem II .1 1 Let g > 0, so that the 
moduli space Adg,n has dimension 3g — 3 + n; it follows that when ki + ■ ■ ■ + 
kn > 3g - 3 + n, 


O'ki ■ ■ ■ <^kn^g — ((o'fci,ai • • • ^k„,a„))g — 0- 

Hence, by Proposition [Q we see that when fei + • • • + > 3^ — 3 + n, 

'Tki,ai ■ ■ ■ Tkn,an^g = 0 . 


Theorem oi gives rise to a simple procedure for translating identities 
among cycles on Deligne-Mumford moduli spaces into differential equations 
among Gromov-Witten potentials. For example, the identity on Adiq 


(4.12) 


— 1 ? 
V'l n [A4i,i] = — 


where the vertices denoted by open circles are of genus 1, translates into the 
topological recursion relation 

(Ka))f = ^{{OaOhO’’))^. 


Here, Oa is an abbreviation for cJo,a = To,a- This is the case /c = 1 of the 
following equation: 


(4.13) 




^(To,aTr(Al) k = l, 
0 A; > 1. 


(The cases A: > 1 reflect the fact that Adiq has dimension 1.) 


Lemma 4.10. The equation has a particular solution ^ logdet(T’) G 

Oi. 


Proof. Clearly, log det(T’) = 0 for A: > 1, while 

ai,alogdet(T’) = Tr(T’-i(T’2)^ai,feT’) = TT{X-\X^tAb) 

= Tv{AAa) =ao,aTT{M). □ 

Let G = iFi — log det(T’); we see that = 0 for all A; > 0; hence, 

by Corollary ESI we recover a result of Dijkgraaf and Witten [Jj: there is a 
function Q G Oq such that 

T'i=g + ^logdet(T). 

The dilaton equation QJ-i = ^x(X) follows automatically from the formu¬ 
las QQ = 0 and 

Qlogdet(T’) = Tr(T’-iQT’) = y. 
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To give a second example, the identity on Ad 2 ,i 



translates into the topological recursion relation 


(Ka))? = ((a))f ((Oc))f + i((ao'o'^))^((aOc))f 

+ ^{{0a0f,0^0,0‘^))^. 

5. ViRASORO CONSTRAINTS ON THE JET-SPACE OF A FrOBENIUS 

MANIFOLD 

5.1. Probenius manifolds. A Frobenius manifold is a conformal Dubrovin 
manifold 

(M,V",e,F,r) 

together with a non-degenerate symmetric bilinear form ij on the tangent 
bundle (also know as a pseudo-Rimannian metric) such that 

1) V is the Levi-Civita connection associated to r/; 

2 ) ri{X oY,Z)= r]{X, Y o Z), or equivalently, Ax = Ax', 

3) Er]{X,Y) = r]{[E,X],Y) + r]{X,[E,Y]) + (2 - r)r]{X,Y), that is, 
CeV = (2 - r)r]. 

On a Frobenius manifold, the endomorphism fj, of the cotangent bundle 
is skew-adjoint; 

v{fi*{X),Y) + r,{X, fi*{Y)) = (2 - r^X, Y) + r]{XxE, Y) + rj{X, VyF) 
= {2-r)7]{X,Y)+r]{VEX,Y)+r]{X,XEY)-v{[E,X],Y)-r]{X, [E,Y]) = 0. 

Here, we have used that V is torsion-free and compatible with the metric rj. 

If A is a linear operator on the bundle Ti = T*M[z,z~^\^ denote by A'^ 
its adjoint with respect to the symmetric bilinear form 

dz 

VU\9) =ReSz=or]{f{-z),g{z)) — . 

For example, ©"'■(z) = 0*(—z), = d + z~^ and z~^ = —z. Since fi* = —fi 

and IA~^ = U, it follows that 

= (dz Y z ^) — z ^ (/i* -|- ^) -|- L/* = (dz Y z Y z ^(fj, — ^)Yd( = Sz- 

If Q(z) is a fundamental solution, recall that the endomorphism R(z) of 
H = T*M[z] is defined by the formula 

dz&(z) Y z~^R(z)Q(z) = z~^ (/I -|- ^)0(z) -|- UE)(z). 
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Definition 5.1. A fundamental solution Q{z) on a Frobenius manifold M 
is symmetric if it is conformal and 0^(2;)0(2:) = I. 

It follows from the condition 0'’'( 2 ) 0 ( 2 ;) = I that R{z) + R^iz) = 0, in 
other words, = (—for all /c > 0. 

Proposition 5.1. There exists a symmetric fundamental solution on any 
Frobenius manifold, 

Proof. Let 0 ( 2 ) be a conformal fundamental solution. Since V • 0 ( 2 ) = 
0 ( 2 ) • V^, we have 

0 = r]{a{-z), 0 ( 2 ) • V^f5{z)) - r/(a(- 2 ), V • e{z)f3{z)) 

= r]{G*{z)a{-z), V^P{z)) - dr]{a{-z), Q{z)(3{z)) + r]{Va{-z), e{z)P{z)) 
= • e*{z)a{-z),P{z)) + 77 ( 0 ( 2 ) • Va{-z),P{z)). 

This shows that • 0*(2) = 0*(2) • V; conjugating by 0*(2), we obtain 
the equation 

V-0+(-2) = 0+(2)-V-L 

Replacing 2 by — 2 , we see that 0+(2)“^ is also a fundamental solution. 

It follows that p{z) = 0^(2)0(2) is a flat section of r(M, End(TM))| 2 ]. 
Replacing 0 ( 2 ) by 0 ( 2 ) = Q(z)p{z)~^'''^, we obtain a new fundamental 
solution. Since p'^{z) = p{z), we see that 

©+( 2 ) 0 ( 2 ) = p+iz)-^/^Q^iz)e(z)piz)-^/^ = I, 

hence 0 ( 2 ) is symmetric. □ 

In the remainder of this section, we only consider symmetric fundamental 
solutions. 

5.2. Gromov-Witten invariants and Probenins manifolds. In Sec¬ 
tion 4, we showed that the small phase space H associated to the genus 0 
Gromov-Witten invariants of a projective manifold X is conformal Dubrovin 
manifold. It also carries a flat metric p; with respect to this metric, it 
is a Frobenius manifold. The equation CeV = (2 — r)p is equivalent to 
{Pa + Pb)ilab = 'I’Vab, which is a basic property of the Poincare form of a 
projective manifold of dimension r. 

Proposition 5.2. The conformal fundamental solution 

00 

©^(2) = 5^ + r7^'=j;2^+i((rfc,,ro,c))? 

k=0 

on the small phase space is symmetric. 
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Proof. Let p{z) = Q^{z)&{z). We have 

daP^iz) = daQ^{z)Q{z) + Q^{z)daQ{z) 

= —zQ'^{z)AaQ{z) + zQ~^ {z)Aa&{z) = 0 . 

Thus p{z) is constant on H. It remains to show that it equals I at the origin 
0 G H. We may write 

OO 

k=0 

For u! € H'^{X,C), the divisor equation implies that 

J Pk,P [-^(^)) Pfc—Ij/S]) 

from which it follows that pk^p = 0 for /3 7 ^ 0. On the other hand, in the 
limit (7 ^ 0 in the Novikov ring, the value of 0^ at the origin of H is an 
integral over Alo, 2 (-T, 0 ), hence vanishes, since A^o, 2 (-T, 0 ) is empty. □ 

5.3. The genus 0 potential on the large phase space of a Probenius 

manifold. On a Frobenius manifold, we may define a power series To on 
the large phase space by integrating the power series t{z)'. 

'Tk,a^0 = {-l^Pabt^k-l- 

Denote k\a taking another derivative, we have 

(^• 1 ) Tj,a'Tk,bXQ = (~ 1 ) ^j^k\a,bi 

This determines To up to an affine function on the large phase space, which 
may be fixed by the dilaton equation 

QTo = -2To. 

The following formula To is due to Dubrovin [^. 

Proposition 5.3. To = ^ 

Proof. Since the fundamental solution 0(z) is symmetric, we see that 

{y-z)n*{y,z) = e*{z)~^e*{y)-I = e{-z)e~'^{-y)-I = {y-z)n{-z,-y), 

in other words, ^j^k\a,b = {~^y~^’^^k,j\b,a- It follows by Lemma ESI that 

'^k,b^i,m\p,q ( I) '^k,b^m,l\q,p ( I) '^'m,q^k,i\b,p ( I) '^m,,q^l,k\p,b- 
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We have 


Tk,b^O = 5^(-l)”'tf 

£,m 

+ ^e,k\p,b+ ^k,m\b,q 

i m 

= |( —1)^ '’'m„q^i,k\p,b 

£^m 

+ ^£,fc|p,f) + 5 ^A:,m|6,g 

I m 

= i(-i)^ E t" (1 - Q)^w + ^ 

£ m 

= ^(“1)^ E + \ ^A:,m|fe,g> 

£ m 

since QCl{y,z) = 0. It follows that 

Tj,aTk,b^0 2^ 2^ ^ ^ ^£ ’^j,a^£,A:|p,b 

£ 

+ ki.-'^y ^k,j\b,a + \ E(“^)”"^m '^i,af^fc,m|b,q 
m 

£ 

m 

= i(-l)"(l - Q)^,,k\a,b + ^(-ly (1 - Q)^k,j\b,a 

= \{-l)^Vtj^k\a,b + \{ — '^y^k,j\b,a = (-l)^%,fc|a,fe- 
This shows that satisfies (15.11) . □ 

5.4. The Virasoro operators on the large phase space of a Probe- 
nius manifold. Let $( 2 ) be the generating function (or free field) whose 
coefficients are linear differential operators acting on functions on the large 
phase space 

CO 00 

^a{z) = ^ E + '^i-^)~’'~^Vabti. 

k=0 k=0 

The conjugate of 4>(2) by Zq = e^°^^ is given by the formula 

■ ^a{z) ■ Zq = hTa{z) + 'qab£‘{-z). 

The normal ordering of quadratic expressions in the field <I>(z) is defined by 
the formulas 

• ^£ ■ ~ ^£> • f'fc "^£,6 • ~ ffc ”^£,6) -Tkjb^l'- ~^lTk,bi ■Tk,aT£,b- ~ '^k,aT£,b- 
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If /c > — 1, let Lfc be the second-order differential operator on the large phase 
space 

= ^Res^=o : - i4,oTr(//^ - i). 

These operators were introduced in the theory of Gromov-Witten invariants 
by Eguchi, Hori and Xiong who proved the following result. 

Proposition 5.4. The operators Lj. satisfy the commutation relations 

[Rj! Rfc] (j ^')^j+k‘ 

Proof. We give an outline of the proof; see m, Section 2, for the complete 
details. 

Using the canonical commutation relations among the coefficients of 
the formula [L^, $( 2 ;)] + z5^'^^^{z) = 0 is easily proved. It follows that 

[[L,-, Lfc], $(z)] = [L,-, [LkMz)]] - [Lfc, [LjM^)]] 

= -[L^,z~5l+^^{z)] + [Lj,,zP+^^{z)] 

= -z6l+\L,M^)]+ 

= [z~5l+\z5i+^]^{z) = {k-j)~5i+^+^^{z), 

and hence that [Lj, L^] — {j — k)Lj^k commutes with 4'(2;). 

Any differential operator commuting with ^>( 2 ;) must lie in the centre of 
the algebra of differential operators, and hence 

[Lj,Lk] = {j - k)Lj+k + c{j, k)l 

for some two-cocyle c{j,k). Evaluating both sides of this equation at the 
basepoint of the large phase space, the result follows. □ 

In the following theorem, we show how the Virasoro operators give rise 
to intrinsic differential operators on the jet-space of the Frobenius manifold. 
The explicit formula for is equivalent to a formula of Liu m, Theorem 
4.4). 


Theorem 5.5. ITe have 


Lk ■ Zq — Zq ■ {h /S.k + Ck + 'kLk ), 

where ^ Res^=o 2 ;), Z(5^+^cj(2;)) , and 

£=0 
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Proof. We have 


'^0 = ^hrj{T{-z),z5’f^^T{z)) 

+ \{^{z),z51'^^t{z)) + \{z5'l'^^t_{-z),T{-z)) + \{T{-z),z5l'^^t+{-z)) 
+ ^v{Kz),z~5l-^^t{-z)). 

On taking the residue, the first term on the right-hand side yields 

\ Res^=o r?(T(-z), z 5 ^^'^^ t { z )) 

= \R(iSz=Qr](Q~^{-z)a{-z),Q~^{z)z5l'^^a{z)) = A^. 

The residue of the last term on the right-hand side vanishes by Theorem 
12.111 This is the genus 0 Virasoro constraint), since 

ri{t{z\z5l+H{-z)) = r^{Q{z)t{z),Q-\z)z5l+H{-z)) 

= 'n{s{z),z5l'^^s{-z)) = 0{z~^). 

It follows that 

■ Lk ■ Zo — hAk + |<5fc,oTr(/r^ — 

= ^ Res2=o(t(2;), 

-h iRes^=o((2:5^+^t_(-z),r(-z)) -F {r{-z), z5’f^^t+{-z))'j 

= lRes^=o(^{t{z), z6’f^^T{z)) + (t_(z), 2:5^+V(z)) -h {z6’f^^T{z),t+{z))'^ 
= Res^=o(t(^;),2:5^’^V(2;)) - ^ Res ^=0 Tv[yn{y, z))y=z, 
since r(y)t+(z) = —Q,{y,z). It remains to show that 

ReS;j=o Tr(?/5y+^0(y, z))y=:, 

0 , k < 0, 

, £=0 

Applying the operator ydy'^‘^ to (I2.5jl . we see that 

{k + 2)y5’^^^n{y,z) + {y - z)y6^'^^n{y, z) = yd^^"^{Q{y)e~^{z) -/). 

Taking the trace, we see that 

(k + 2) Tv{y~6^y+^n{y, z)) + {y - z) Tr{y5';+^n{y, z)) 

= Tr(0-i(^)y^^'0(2/)) -Tr(#^+2^). 
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Next, we restrict to the diagonal y = z: 


{k + 2)Tv{y5’^+^n{y,z))^^^ = TT{e-\z)z6^,^^e{z))-Tr{z6’^+^l) 

= Tv{z6^,+^I) - Tr(z5^+^/). 

Taking the residue, we see that 
{k + 2) Res^=o TTc{y6y^^n{y, z))^^^ 

= Y1 - Res,=oTr(z5^2/). 

0<i-^j<k 

Since [ns, Rk] = kRk, we see that 

Tr(z4^+il) = TV((/r - - k) ... {y - l){fk + ^^)), 

and hence Res 2 =oTr(2:5^+^l) = SkfiTv^y? — i). We have 

0<i-\-j<k 

= Y1 - i Tr{U^) 

0<i^j<k 0<i-\-j<k 

= (I + 1) J2Tr{yU^yU^-^) - l{^f) 

£=0 

= (i + l)ETr((^-l)l/'(^+l)M‘-0, 

£=0 

and the formula for Tik follows. □ 

As a corollary of this theorem and the Virasoro relations for Lk , we obtain 
the following formula of Liu ( 121 , Section 6 ). 

Corollary 5.6. CjUk - CkHj = {j - k)nj+k 

5.5. The Virasoro constraints on a Frobenins manifold. The Virasoro 
constraints are differential equations among a sequence of functions J-g, g > 
0, on the large phase space of a Frobenius manifold M such that the dilaton 
equation holds; 

(5.2) QTg = {2g - 2)Tg + 

were x = Tr(.^). As originally introduced by Eguchi, Hori and Xiong |15| . 
in the case where M is the Frobenius manifold associated to the genus 0 
Gromov-Witten theory of a projective manifold X and J-g is the genus g 
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Gromov-Witten potentials X, these differential equations are given by the 
vanishing of functions on the large phase space defined as follows: 

OO 

h^~^Zk,g = exp(- 0 h9-^Xg) ■ Lk ■ exp(^“ 0 

9=0 

Using Theorem 15.51 we may write the vanishing of Zk^g intrinsically on the 
jet-space of the Frobenius manifold M: in fact, we have 

OO 

Y fi^~^Zk,g = exp(- ^ -hAk- exp(^“ 1 

9=1 

OO 

+ Y^^~'^k:Fg + nk. 

9=1 

This proves the following theorem. 


Theorem 5.7. For genus g > 1, the Virasoro constraint Zk^g = 0 is equiv¬ 
alent to the equation 

9-1 

Ck^g + AkFg-i + 5 ^ ReSz=Q r]{a{-z)Fi, = 0 , 

i=l 

while the Virasoro constraint Zk^i = 0 is equivalent to the equation 

k 

= i Y 

1=0 


Using ProDosition l5.51 we see that the genus 1 Virasoro constraint Zk^i = 0 
is equivalent to the equation 

k 

(5.3) CkG = 

i=o 

for Q = — ^logdet(T’). This equation was first proved in the special 

case where M is a semisimple Frobenius manifold by Dubrovin and Zhang 
ini, and extended to general Frobenius manifolds by Liu m- 

Let M he a Frobenius manifold. There is a second-order differential 
operator 

: F(M, O) F(M, S‘^{T*M)), 
given by the explicit formula 


(5.4) 4^(Vi,V2,V3,V4) = ^ ^ ^ 

7r^iS'4 




■0102 -^0304 dgdp 4 :A.^^an •^n.oll. 


^ 1/ -i-z,,/ dd- dd r) — AB' 

■0102 ^04'-'!^ I '-'04-^0203 “^0102 ^9 


8 A'' 8 


-^^8 AB- 8 A'^ Xb 8 AB- 

' 6 ^“3 ■^oi 02 ^<14 ' 24 ^“3 ^0-4 •r^ai 


4 ^ _ 1/4 /4 A‘ 

> 4^i^'^aia2 ^M'^ci3Ci4 


asa^ 

)> 
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such that the generating function Q of genus 1 Gromov-Witten invariants of 
a compact symplectic manifold X satisfies the equation = 0 (see m)- 
Let 

k 

Vk = CkQ - 

1=0 

By a lengthy calculation, Liu |26j proves the formula 
k 

yk = hYl E)g - Y A-12/1. 

i=l 

In this way, he obtains the following theorem. 

Theorem 5.8. If = 0 and Q satisfies (inisi) for k = 1, then Q satisfies 
(15.51) for all k > 1. 

Relationship to prior results. The results of Sections 5.1 and 5.2 are 
due to Dubrovin. The formula for the Virasoro operators on the large phase 
space in terms of free fields (Section 5.3) is a modification of the formalism 
of Section 2 of pn| . (Related formulas have been used by Givental m-) 

6. The jet-space of a semisimple Dubrovin manifold 

6.1. Semisimple Dubrovin manifolds. A Dubrovin manifold is semisim¬ 
ple if the subset Mq C M on which the commutative algebra (T^M, o) is 
semisimple is dense in M. These manifolds were extensively studied by 
Dubrovin |^, who proved the following theorem. 

Theorem 6.1. Around each point semisimple point in a semisimple Dubrovin 
manifold, there are coordinates u* such that the vector fields vij = djdv^ sat¬ 
isfy 

Ti O TTj — SijTTi. 

Proof. Locally in Mq, there is a frame {tti, ... ,7r„} of the tangent bundle 
TM such that vr, otTj = dijiii. We must show that the vector fields vr, satisfy 
[TTj, TTj] =0. If i and j are distinct, the equation 

(6.1) XfilTj O TTfc) - TTj O (ViVTfc) - VjiTTi O TTfc) + TTi O (VjTTfc) = [vT*, TTj] O TTfc 

is a consequence of condition 4) of Proposition 12.1 L If k is not equal to i or 
j, (EU) implies that [vrj,7rj] o vanishes. On the other hand, if k equals i, 
we see that 

-TTj O VjTTj - VjTTj -\-7TiO (VjTTj) = [tT*, TTj] O TTj, 

from which we conclude that [vij, vTj] oTTj vanishes. This shows that [vij, tTj] = 
0. It follows that there are coordinates u* defined locally on Mq such that 
TTi = d/dv\ □ 
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The canonical coordinates (u*) are seen to be defined up to addition of a 
constant and permutation. Let J = (J“) be the Jacobian 

Jf = du^ldv\ 

and let J~^ = (J*) be its inverse 

Ji = dv^/du^. 

Denote by v\ the functions 

n 

v'„ = d"v‘ = a"-'{4uf) = ^ C;;){8”-‘4)“t 

k=l 

The identity vector field on Mq is given in canonical coordinates by the 
formula 

e = ^7r,. 
i 

6.2. Conformal semisimple Dubrovin manifolds. Let ,e, E,r) 

be a semisimple Dubrovin manifold which is conformal. Taking X = Y = TTj 
in (EU), we see that 

[E, -Ki] = 27rj O [E, TTj] + TTj, 

hence [E^Tii] = —tt^. This shows that, after shifting the canonical coordi¬ 
nates Vi by constants c*, the Euler vector field on Mq is given by the formula 

E = ^v'-TTi. 

i 

In other words, the canonical coordinates are the eigenvalues of U. 

Proposition 6.2. The semisimple locus Mq C M contains the tame locus 
^00 of points at which the eigenvalues ofU are distinct and nonzero. 

Proof. Locally in Mqq, the endormorphism Z//* has eigenvectors vTj with eigen¬ 
values Vi. We have 

U*{'Ki O TTj) = {U*'Ki) O TTj = uVj O -Kj. 

Antisymmetrizing in i and j gives (u* —U'^)7rj07rj = 0, showing that vrjOTTj = 0 
if i and j are distinct. Since Eoiii = is nonzero, we see that vrjovri = /iVTj, 
where fi is nowhere vanishing, hence {TxM,o) is semisimple in Mqq. □ 

We will restrict attention to conformal semisimple Dubrovin manifolds 
satisfying the following condition. 

Condition 6.1. There is a section 7 € r(Mo, End(T*M)) such that 

T = bMV 

Let and 7 ^ be the matrix elements of the tensors pL and 7 in the frame 

(TTj); Condition EH amounts to the relation = (u* — v^)'yl- 
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6.3. Semisimple Probenius manifolds. A Frobenius manifold is semisim¬ 
ple if the underlying Dubrovin manifold is semisimple. We now show, bor¬ 
rowing from the exposition of Manin m, that semisimple Frobenius mani¬ 
folds satisfy Condition 16.11 

In Gromov-Witten theory, it is known that the Frobenius manifolds asso¬ 
ciated to Grassmannians ^ , to Del Pezzo varieties [2] , and to arbitrary prod¬ 
ucts of these, are semisimple. Another class of examples are the quotients 
VjW of a Euclidean vector space P by a Coxeter group W of reflections, 
considered by Saito |2H1 (see also Dubrovin 0). 

Let M be a semisimple Frobenius manifold. If e € D^(M) is the one-form 
on M defined by the formula e(^) = r]{e,X), then 

r,iX,Y)=r]{eoX,Y) = EiXoY)- 

thus rj{X,Y) = 0 if A o y = 0. It follows that the idempotent eigenvectors 
TTj on Mo are orthogonal. Let rji = ry(7rj,7rj), let rjij = 7rj{r]i), and let = 
'^kiVij)- We now list the main properties of these functions; these are known 
as the Darboux-Egoroff equations. 

Lemma 6.3. 

1) Vij = Vji 

2) Viik = -I- ujfien i, j and k are distinct 

3) e{r]i) = 0 

4) E{r]i) = -rr]i 

Proof. The coefficients Tijk = vi^i'^ji'^k) of the Levi-Civita connection V 
are given by the formula 

^ijk 2 ^jkVji ^ijVik) ■ 

Taking the inner product of mi with TTi, we obtain the equation 

T ^ji^ik')(jlij Vji) 0, 

which shows that r]ij = rjji. 

A lengthy calculation shows that 

R.,u = i {■*« - (— + 

Vi Vj Vk ^ 

+ - ««) (^ + + s®! _ 2,y,) 

^ Vi Vj Vi ' 

+ A-«.*») E 

m 

Part 2) follows, by the flatness of the connection V. 
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Since the vector field e is flat, we have 

0 = r]{TTi, Vie) = ^ r]{TTi, ViiTj) = ^ Tij-j 

j j 

= ~ = le{rii). 

j 

Since Cei] = (2 — r)r], we see that 

E{r]i) = {CEr]){7ri,TTi) - 2r]{[E,TTi],Ei) = (2 - r)r]{TTi,Ei) - 2rj{TTi,Ei), 

which shows that E{rii) = —riji. □ 

Proposition 6.4. We have n = [ 7 ,ZY], where 7 € r(Mo,End(T*M)) is the 
endomorphism of the tangent bundle of Mq defined by 

'ydv" = ^dlogrji. 

Proof. By the definition of 7 , 

r]{Ei,j*Ej) = ^rjij. 

We must show that 

( 6 . 2 ) r]{TTi,g*'Kj) = r]{U*Tri,'y*Trj) - ri{j*Tri,U*Ej) = - v^)r]ij. 

We have 

r]{TTi,fi*TTj) = (1 - §)7?(7ri, TTj) - r]{Ei, VjE) 


= (1 - ^)5ijr]i - r]{-Ki, [tTj, E]) - r]{Ei, VetTj) 

= -^dijPi 

k 



= + Eivi)) + (u* - v^)r]ij), 

and (jnn follows. □ 

6.4. The vector fields on a semisimple Dubrovin manifold. We 

now give a new proof of an important recent theorem of Dubrovin and Zhang 
Theorem 3.10.20). This proof is simpler than theirs, though it is in 
the same spirit. 

Theorem 6.5. Let M be a conformal semisimple Dubrovin manifold satis¬ 
fying Condition \fi.ll If f ^ Ooo satisfies Ckf = 0 for all k > —1, then f is 
a constant. 


45 


Proof. The theorem is proved by induction: if / G On satisfies = 0 for 
all k > —1, then / G On-i- In order to carry out this induction, we must 
calculate the action of Ck on On modulo On-i- By (IH31), we see that 

n 

Ckuf = ■ Res^=o(e,(I^+^(5 + zX)^-^ Xdu^) - 

j=i 

= —nRes^=o(e, • d^~^Xdu°‘) — d'^{e,U^~^^du°‘) (mod On-i) 
k 

= Xdu^") — du°‘) (mod On-i). 

e=o 


Form the generating function 

OO 

X~^~‘^£kUn = —n (e, (A — U)~^ (/r + |) (A — U)~^d'^~^Xdu^') 
— d^{e,{X— U)~^du°') (mod On-i)- 


k=-l 


We now invoke the hypothesis that M is semisimple. Since Udv^ = u* du*, 
we see that 


{e,{X-U) Mu“) = y]](7rj,(A-u*) Vfdu*) = J]] 
It follows that 


Jf 


A — u* 




viP 


d'^Jf 


a”(e, (A - U)-Un‘) = + E irfl (““d 


We also have 


d^-^X = d'^-^ {ulAl^)da ® 

= UnAl^ da ® du^ = Vn T^i ® du* (mod On-l), 
i 

hence 

9”“^T’du“ = (mod C>„_i). 

i 

It follows that 


(e, (A - U)-^ {fi + i) (A - 


Vdu“) = 




(A 


— u*)(A — v^) 


1 '^hJj 

2 (A — 

i 


+E 


ij 




A — u* 


1 


X — 


(mod 
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Assembling these results, we see that 


k=-l 


-(§ + i)E 

i 


(A — v'-y 


E 


A — u* 


(mod On-i) 


for some coefficients c“ G On¬ 
Now suppose that / G On satisfies jCkf £ On-i for all k >0. Extracting 
the coefficient of (A — in 

OO OO 

^ = dn,af Y. (mod On-l), 

k=-l k=-l 

we see that + l)u^ J“ dn,af = 0, and hence that dnf = 0. In other words, 
f&On-l- ’ □ 


Corollary 6.6. On a semisimple Frobenius manifold, any solution {Fg G 
Ocx) I > 1} of the Virasoro eonstraints (Theorem and the dilaton 
equation (lO) is unique (except in genus 1, where it is determined up to an 
additive constant). 

Proof. Consider two solutions {Fg} and {Fg} of the Virasoro constraints; 
we argue by induction on g that Fg = Fg. Suppose that Fh = Fh for h < g. 
We see that Ck{Fg — Fg) = 0 for all A: > —1, hence by Theorem 16.51 Fg — Fg 
is a constant. If 5 > 1, the constant vanishes by the dilaton equation, which 
implies that 

Q{Fg-Fg) = {2g-2){Fg-Fg). □ 

6.5. The function Q on a semisimple Frobenius manifold. A solution 
of the genus 1 Virasoro constraints (ESI) on a semisimple Frobenius manifold 
was found by Dubrovin and Zhang m, by Theorem their solution is 
the unique one. Their formula for Q involves a function on the semisimple 
locus Mq called the isomonodromic r-function r/; in defining it, we follow 
the exposition of Hertling 1221 - 


Lemma 6.7. The differential form 


a=X - F)^dF G 0}{Mo) 

is closed, and a{X) = — A Tr(/x[7, Ajv]) 

Proof. We have 

= i X] “ ifhfhk _ i VijVjk 'X ^ 

fri. hiVj V Vi Vj J 

(u® - v^) dv^ A du®. 


ij,k 

1 \ ^ VijVjkVki 
ViVjVk 


E 

i,j,k 
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This vanishes, since (?;* — v^) dv^ A dv^ is antisymmetric in the indices i, j 
and k. 

The matrix Ai has components {Ai)j = 6ij6^. Since the matrices U and 
Ai are diagonal in the frame dv^ of T*Mq, we have 

dilogTi = -iTr([7,ZY][7, A]) 

= Ti{'jU'jAi - lUAa - U-f^Ai AU-iAn) 

= + ^H^l) 

j 

j 

The isomonodromic tau-function r/ is defined by the equation 

dlog r/ = a. 


Note that just like Q, logr/ is only determined up to an additive constant. 
Theorem 6.8. ^ = logr/ - ^ Yli log^i 


Proof. We calculate the derivative of the two terms contributing to CkQ 
separately: we will see that they respectively contribute the two terms of 
(15.31) . We have 

Tfclogr/ = \ TT{fi[-f,AEo(k+i)]) = \ 

k k 

1=0 e=o 


Further, since e{rji) = 0, we have 

i£,(log7.) = U^k + K)^+ie)(log7,) = - (u^y+')7] 


J 

k 


._. („,j\k+i _^ ^^ 


,i\k—£ 


e=o j 




e=o 


Summing over i, the Virasoro constraints Zk,i follows, since lo = dv^. □ 


It is proved in m that Q automatically satisfies the differential equa¬ 
tion = 0 of (15.41) . Ideally, this should be part of a larger phenomenon, 
whereby all of the known differential equations satisfied by the Gromov- 
Witten potentials namely the Virasoro constraints and the topo¬ 

logical recursion relations, have a (necessarily unique) solution on every 
semisimple Frobenius manifold. 
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